Bihamiltonian Cohomologies and Integrable 
Hierarchies I: A Special Case 



Si-Qi Liu, Youjin Zhang 

Department of Mathematical Sciences, Tsinghua University 
Beijing 100084, P. R. China 



Abstract 

We present some general results on properties of the bihamiltonian cohomolo- 
gies associated to bihamiltonian structures of hydrodynamic type, and compute 
the third cohomology for the bihamiltonian structure of the dispersionless KdV 
hierarchy. The result of the computation enables us to prove the existence of 
bihamiltonian deformations of the dispersionless KdV hierarchy starting from 
any of its infinitesimal deformations. 
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1 Introduction 



The notion of bihamiltonian cohomologies was introduced in [U] for the study of de- 
formations of bihamiltonian structures of hydrodynamic type and the associated inte- 
grable hierarchies, such a class of bihamiltonian integrable hierarchies have important 
applications in the study of Gromov-Witten theory, singularity theory and some other 
research fields in mathematical physics, see [531 EU El ESI QUI III EEH EI] and references 
therein. For any semisimple bihamiltonian structure of hydrodynamic type, the knowl- 
edge of the first and second bihamiltonian cohomologies are used in [271 H2] to classify 
their infinitesimal deformations. The purpose of the present and the subsequent pa- 
pers is to study the problem of existence of deformations of semisimple bihamiltonian 
structures of hydrodynamic type with a given infinitesimal deformation, the main tool 
of our study is again provided by the bihamiltonian cohomologies. 

In order to give readers a quick introduction of the notion of bihamiltonian coho- 
mologies, let us first recall the notion of Poisson cohomology defined by Lichnerowicz 
for finite dimensional Poisson manifolds [25] 126] , and then introduce the notion of bi- 
hamiltonian cohomologies for a Poisson manifold endowed with a second compatible 
Poisson structure. 

Let M n be an n-dimensional smooth manifold endowed with a Poisson bivector P. 
The bivector P is a Poisson bivector means that it satisfies the condition 

[P,P} = 0, 

where [ , ] is the Schouten-Nijenhuis bracket [25] defined on the space of multi-vectors 

A* = A © A 1 © A 2 © . . . 

of the manifold M. The Poisson bivector P yields a complex (A*, d) with the cobound- 
ary operator 

d: A k ->• A fe+1 , [P,a]. 
The Poisson cohomology is then defined by 

H\M, P) = * Q lf Ak , k>0. 
Imd| Afc _i 

From this definition it follows that the cohomology H°(M, P) is given by the space of 
Casimirs of the Poisson bracket { , } defined on C°°(M) as follows: 

{f,g}:=P(df,dg), Vf,geC°°M. 

The other Poisson cohomologies have the following descriptions: 

i) H 1 (M,P): quotient of the algebra of infinitesimal symmetries of the Poisson 
bracket by the subalgebra of Hamiltonian vector fields on M. 
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ii) H 2 (M,P): the quotient of the space of infinitesimal deformations of the Pois- 
son bracket by the subspace of deformations obtained by infinitesimal change of 
coordinates. 

iii) H 3 (M,P): characterizes the obstruction of extending an infinitesimal deforma- 
tion of the Poisson bracket to a full deformation. 

Now let us assume that the Poisson manifold (M, P) is endowed with a second 
Poisson bivector P 2 which is compatible with Pi = P, i.e. [Pi, P 2 ] = 0. In this case we 
say that the manifold M has a bihamiltonian structure (Pi, P2). It defines a bicomplex 
(A*,<ii,<i 2 ) with the coboundary operators defined as we did above, they satisfy the 
conditions 

d\ = d\ = d\d% + <i 2 c?i = 0- 

From this bicomplex we obtain an induced complex (A* = Ker<ii,G? 2 ) and we call its 
cohomologies the bihamiltonian cohomologies. We denote them as 

BH»{M,P u P a ) := * e ] d ? kk = Ker ^U* nKe ^lA* fc > . (L1) 
Imd 2 Afc-i Imd 2 Afc-i 



It is easy to see that the zeroth bihamiltonian cohomology is given by the space of 
common Casimirs of the Poisson brackets defined by Pi, P 2 , and we also have 

i) BH 1 (M, Pi, P 2 ): the quotient of the space of common symmetries of Pi and P 2 by 
the space of Hamiltonian vector fields of P 2 generated by Casimirs of the Poisson 
bracket defined by Pi. 

ii) BH 2 (M, Pi, P 2 ): the quotient of the space of infinitesimal deformations of the bi- 
hamiltonian structure (Pi, P 2 ) keeping Pi to be fixed by the space of infinitesimal 
coordinate transformations that preserves Pi. 

And the vanishing of BH 3 (M, Pi, P 2 ) implies that any infinitesimal deformation of 
(Pi,P 2 ) that preserves Pi can be extended to a full deformation of the bihamiltonian 
structure. 



The above setting of Poisson structures and their cohomologies is generalized in 
to an infinite dimensional version. Poisson structures now live on the formal loop space 
£(M) of M, and they are given by Poisson bivectors on £(M), see also [22j E31 EU] and 
references in [T3] for similar formulations of infinite dimensional Poisson structures. 
Similar to the finite dimensional Poisson bivector defines a Poisson bracket on 

the space of local functionals of C(M). This version of infinite dimensional Poisson 
structures is formulated for the purpose of studying systems of nonlinear evolutionary 
PDEs of the form 

— = Al(u) «* + e (B* («)t& + CUu)u k x u l x ) + G(e 2 ) (1.2) 

which possess bihamiltonian structures with hydrodynamic limit. Here e is a dispersion 
parameter and 0(e 2 ) represents the higher order in e terms Y2k>2 R-l ek with coefficients 
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given by homogeneous differential polynomials in u l,s = d*u l (s > 1) of degree k+1, here 
we set degu l ' s = s. We also assume summations for repeated upper and lower indices 
above and in what follows unless otherwise specified. The system of evolutionary PDEs 
( II. 2p possesses a bihamiltonian structure with hydrodynamic limit means the existence 
of a compatible pair of Poisson brackets of the form 

{«'(*), u>(v)}« = 9i j (u)6'(x -y) + T% k (u)u k x S(x - y) 

k+1 

+ E efe E P ^( M ' M ----)^ +1 -°(^-2/), a = 1,2 (1.3) 

k>l 1=0 

and Hamiltonians 

H a = J h a (u(x))dx + ^e fc / f a]k (u,u x , . . . ,u {k) )dx, a = 1,2 

k>l 

such that 

^ = {u\x),H 1 } 1 = {u\x),H 2 } 2 . (1.4) 

Here the matrices (g l J(u)), a = 1,2 are nondegenerate, and P^-ku fa\k are differential 
polynomials of degree I and respectively. The bihamiltonian recursion relation given 
by the second equality of (jl.4j) enables one to find in general infinitely many Hamilto- 
nians which are in involution w.r.t. both of the Poisson brackets [321 [201 EH E], these 
Hamiltonians yield a hierarchy of bihamiltonian integrable systems which includes the 
originally given one (11.21) . Many important nonlinear integrable hierarchies, including 
the ones associated to affme Lie algebras constructed by using the Drinfeld-Sokolov 
reduction procedure [H] and the ones that appear in Gromov-Witten theory and singu- 
larity theory (see [331 EU El QUI EH EH [21] and references therein) , are bihamiltonian 
systems of the above form. 

The leading terms of the r.h.s. of (II .3p obtained by setting e = give a compatible 
pair of Poisson brackets ({ , }f, { , of hydrodynamic type. Such a bihamiltonian 
structure is called semisimple if the characteristic polynomial det(g2 —Xg 1 ^) has pairwise 
distinct roots. 

A natural problem which is important in the theory of integrable systems and its 
applications in mathematical physics is to classify the bihamiltonian structures of the 
form (11.31) and the associated integrable hierarchies. The first step toward solving 
this problem is done in [271 E2] with the help of the infinite dimensional version of 
the bihamiltonian cohomologies formulated in [T4]. It classifies all the infinitesimal 
deformations of any given semisimple bihamiltonian structure of hydrodynamic type 
modulo Miura type transformations of the form 

u* ^ u* = F*{u) + ^ k F l k \u, u x ,..., «W). (1.5) 

k>\ 

Here F : M. n — > W 1 is an invertible smooth map, and F^. are differential polynomials 
of degree k. It is proved in [TH [23 E2] that under the Miura type transformations 
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any deformation of a semisimple bihamiltonian structure of hydrodynamic type can be 
transformed to a bihamiltonian structure of the form (11. 3p which contains only terms 
with even powers in e, and two deformations are equivalent under a Miura type trans- 
formation if and only if they are equivalent up to e 2 -order approximation. Moreover, it 
is proved that any equivalent class (under the Miura type transformations) of deforma- 
tions of a semisimple bihamiltonian structure of hydrodynamic type is characterized 
by a set of n functions Cj(Aj), i — 1, . . . , n depending on the canonical coordinates Aj 
(see [H] for their definition) of the bihamiltonian structure. These functions are called 
the central invariants of the deformed bihamiltonian structure. On the other hand, 
any set of smooth functions Ci(Ai), . . . , c n (X n ) determines an infinitesimal deformation 
of a given semsimple bihamiltonian structure of hydrodynamic type - a deformation 
at the approximation up to e 2 . 

In the present and the subsequent papers we are to consider the problem of whether 
one can extend any infinitesimal deformation of a semisimple bihamiltonian structure 
of hydrodynamic type to a genuine deformation of it. To this end, we reformulate in 
this paper the notion of infinite dimensional Poisson structures in terms of the infinite 
dimensional jet space J°°(M) of a super manifold M, where M is an n-dimensional 
manifold. This formulation provides us a more convenient way to study properties of 
the bihamiltonian cohomologies for a semisimple bihamiltonian structure of hydrody- 
namic type. In particular, the long exact sequence (14 .5p which we prove in Corollary 14.61 
provides an important tool for us to compute the bihamiltonian cohomologies. By us- 
ing this result, we compute in this paper the third bihamiltonian cohomology, denoted 
by 

M 3 (J)=0M d 3 (J) 

d>0 

in Section HI of the following bihamiltonian structure 

{u(x),u(y)}i = 8'(x-y), (1.6) 
{u(x), u(y)} 2 = u(x)5'(x -y) + -u x (x)5(x - y) (1.7) 

for the dispersionless KdV hierarchy 

= -u p u x , p>0. (1.8) 
dt p pi 

The equation (II. 8p of this hierarchy can be represented as a bihamiltonian system of 
the form (II. 4p with 

Hl * = J u ^ P+2dx > H >* = (2p + l)(p + l)! j u ^ p+1 dx. 

We prove the following theorem in the present paper: 

Theorem 1.1 For the bihamiltonian structure (ll.6p . (I1.7P the bihamiltonian coho- 
mologies BHj(F) are trivial for d > 4. 
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For the bihamiltonian structure (11 .6p . ( II. 7p the canonical coordinate is given by 
A = u. As a corollary of the above theorem we have 



Theorem 1.2 For any given smooth function c(u) the bihamiltonian structure (II. 6p . 
(II. 7p has a unique equivalent class of deformations with a representative of the form 

{u(x),u(y)} 1 = 5'(x-y), (1.9) 
{u(x),u(y)} 2 = u(x)5'(x -y) + -u(x)5(x - y) (1.10) 



+ e ^3c(w)5'"(x - y) + -(/(u)^ '(a; - y) + - c"{u)u x 5'{x - y) 
„ \ 29+1 

+ t C '( U )u x J'(x -y)\+J2^J2 A 9 ,k{u,U x , . . . M k) )5 {29+1 - h \x ~ y). 
' g>2 k=0 

Here A g -k are differential polynomials of degree k. 



The validity of this theorem was conjectured by Lorenzoni in [31]. He also gave the 
approximation of the deformation up to e 4 . In [I], Arsie and Lorenzoni further extend 
the approximation up to e 8 . 

The bihamiltonian structures in the above theorem for the particular choices of 
c{u) = and c{u) = ^ are well known in the theory of integrable systems. They pro- 
vide bihamiltonian structures for the KdV hierarchy and the Camassa-Holm hierarchy 
respectively • For other choices of the central invariant c(u) the above bihamiltonian 
structures and the associated integrable hierarchies are new. In the present paper we 
will consider in some detail the bihamiltonian structure and the associated integrable 
hierarchy when c(u) is inversely proportional to u. 

The paper is organized as follow. In Section [2] we define the differential polynomial 
algebra and the Schouten bracket on the infinite jet space of a super manifold. In Sec- 
tion |3] we formulate the infinite dimensional Poisson structure and their cohomologies 
in terms of the notions established in Section [2J In Section H] we define the notion of 
bihamiltonian cohomologies, and present an important method to compute the bihamil- 
tonian cohomologies. In Section |5] we compute the third bihamiltonian cohomology of 
the bihamiltonian structure (11. 6p . (II. 7p . and prove Theorem 11.11 and Theorem 11.21 In 
Section |6] we consider examples of the bihamiltonian structures corresponding to some 
particular choices of the central invariant c(u). The final section is for conclusion. 



2 The differential polynomial algebra and the Schouten 
bracket 

Let M be a smooth manifold of dimension n, M be the super manifold II(T*M), i.e. 
the cotangent bundle of M with fiber's parity reversed. It is well known that the 
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algebra of multi-vectors, i.e. sections of the exterior algebra bundle A(TM) of the 
tangent bundle TM, can be regarded as the algebra of smooth functions on M, that is 



C°°(M) = r(A(TM)). 

With the help of this identification, the Schouten-Nijenhuis bracket between multi- 
vectors can be computed via the Poisson bracket of the canonical (super) symplectic 
structure on M. Suppose P E T(A P (TM)), Q G T(A q (TM)) are two multi-vectors 
with degree p and q respectively, their Schouten-Nijenhuis bracket [P, Q], which is a 
multi- vector of degree p + q — 1, has the following expression on a local trivialization 
U = U x R°l n of M 

where u 1 , . . . , u n are coordinates on U, and 8\, . . . , 6 n are the corresponding dual coor- 
dinates on the fiber M°l n . 

In this section, we introduce the infinite dimensional analog of (12. ip on the infinite 
jet space J°°(M). 

Let J k (M) (k > 1) be the fc-th jet space of M. The manifold J k (M) is, by definition, 
a fiber bundle with fibers being the spaces of fc-th Taylor polynomials of germs of curves 
on M. Let U be a local chart of M with local coordinates (u l , 9j) (i = 1, . . . ,n), and 
U x R nk \ nk be a local trivialization of J k (M) over U, we can take the coordinates on 
the fiber M nfe ' nfc as the values of higher derivatives of curves 



u t,s = - — u l (x) 
dx s v ' 



x=0 



, s — 1, . . . , k. 



x=0 

It is easy to see that the transition functions of J k (M), induced by the change of 
coordinates on M from (u l , 9{) to (u l , 9i) with 



are given by the chain rule of higher derivatives as follows: 



t>o t=o v 7 
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For example, when s = 1, 2 we have 

1 d6^ + dui dti 3 + drtdu l J ' 

<9w^ du l du m 
1 du l 3 du l du l 3 

Note that these transition functions are always polynomials of the jet variables u l,s , Of 
(s = 1, 2, . . . ) with coefficients being smooth functions on M. 

For k > I, there exists a natural forgetful map 

vr M : J\M) j'(M), 

which just forgets the derivatives with orders greater than I. It is easy to see that the 
system 

{ J fc (M)} fc >i, {-Kk,l}k >i>i 



forms a projective system, so we can take its projective limit 

J°°(M) = hmJ fc (M), 



which is called the infinite jet space of M. 

The algebras of smooth functions on { J k (M)}k>i and the pullback maps {^%j}k>i>i 
among them form an inductive system, so we can define its inductive limit 

C°°(J°°(M)) = limC°°( J fc (M)), 

k 

which is called the algebra of smooth functions on J°°(M). 

A function / e C°°(J°°(M)) is called a differential polynomial if it depends on 
the jet variables polynomially in certain local coordinate system. Due to the form of 
transition functions ( I2.2p . this definition is independent of the choice of local coordinate 
systems. All differential polynomials form a subalgebra of C°°{ J°°(M)), we denote this 
subalgebra by A. Locally, we can regard A as 

C oa (U)[u i >',9' i \i = l,...,n, s = l,2,...], 

where U is a chart on M with local coordinates (u l , OA (i = 1, . . . , n). 
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The space A is not big enough to define, say, the inverse of a Miura-type transfor- 
mation, so we need to enlarge it. First we introduce a gradation on A by defining 

degw M = deg0? = s for s > 0, and degf = for / G C°°(M), 

then for any element / G A, one can decompose it into a direct sum of homogeneous 
components 

/ = fo + fi + ■ ■ ■ , where deg f k = k. 
This gradation induces the valuation 

fmm{k\f k ^0},f^0 
[J) \oc, / = 

We denote the distance induced by this valuation by 

and complete A by using this distance. By abuse of notations, we still denote the 
completion of A by A, and still call it the differential polynomial algebra of M. Locally, 
the completed A looks like 

C roo (^)[[« < »',0?|i = l,...,n, s = l,2,...]]. 

Note that the topology on C°°(U) is, by definition, the discrete one, so only finite sum 
of smooth functions are allowed. Elements of A are still called differential polynomials, 
though they may be formal series of homogeneous differential polynomials with strict 
increasing degrees. We call the above defined gradation the standard gradation, and 
denote the degree d component of A w.r.t this gradation by Ad- 

Sometimes we use a formal parameter e to count the degree of homogeneous terms, 
i.e. we represent / G A in the form 

/ = fo + e fi + e 2 f 2 + ■ ■ ■ , where f k G A k . 
In this way, the topology on A is just the e-adic topology. 
The super variables in A induce another gradation 

deg# 2 s = 1, degw 4 ' s = deg / = 0. 

We call it super gradation, and denote the degree p component of A w.r.t this gradation 
by A p . We also use the notation A v d = A p C\Ad- The degree component A is denoted 
by A, and is called the differential polynomial algebra on M. It's easy to see that 
A° = C°°(M). 

By using the form of the transition functions given in (12. 2p . one can show that the 
vector field 

s>0 v * 7 

is globally defined on J°°(M), where u h ° = u % and Q\ = 0j. It defines a derivation 
on A, whose restriction on A also yields a derivation on A, so we have the following 
definition. 
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Definition 2.1 We denote F = A/dA and call its elements local Junctionals on M. 
We denote its subspace F° = A/dA by F and call its elements local junctional on M. 

In what follows we will use J to denote the projection A — > F and A — > F. 

Definition 2.2 We denote by £ = Der(A) 9 the centralizer of d in the Lie algebra of 
continuous derivations of A and call its elements evolutionary vector fields on M. 

From the above definition it follows that any evolutionary vector field takes the 
form 

Dx = J2 ^W^' where Xl e A ( 2 ' 3 ) 

If we define 

X = I X% , (2.4) 



then one can verify that X is globally defined on M, so it is in fact an element of F 1 . 
On the other hand, each element of T 1 has a representative of the form (12.41) . so it 
corresponds to an element Dx € S. Thus we will identify £ with J 71 in this way from 
now on. 

We can also associate to any element (12. 3 p of £ the following system of evolutionary 
PDEs 

u\ = X\ (2.5) 

If u = (u 1 , . . . , u n ) is a solution of this system, and / is a differential polynomial in A., 
then we have 

ft = D x (f). 

So a local functional F G T is a conserved quantity of (12 .5p if and only if D X (F) = 0. 
Here we used the fact that J 7 is a module of the Lie algebra £. 

Now let us define an infinite dimensional analog of the bracket (12. ip on the space 
JF. First we introduce the variational derivatives of / G A w.r.t B { and u % as follows: 

s>0 1 s>0 

It is well known that 

6*8 = 0, 6id = 0, 

so they induce maps from F to A. We denote the induced maps by the same notations 
b~ l and <5j. Then we define a bracket 

[,]:PxP^ P + «-\ (P, Q) i y [P, Q], 

where 

[P,Q} = J (StpSiQ + i-iySiPtfQ). (2.6) 
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Theorem 2.3 ([30J) For any P eP, Q eP, Re P, we have 

i) [P,Q] = (-l)f«[Q,P]; 

ii) (-iy r [[P, Q],R} + (-iy p [[Q, R),P) + {-l) r(! [[R, P],Q} = o. 

The bracket [ , ] is called the Schouten-Nijenhuis bracket on J°°(M). From now on, 
we call it the Schouten bracket for short. 

In order to compute the bihamiltonian cohomologies, we also need another useful 
map. First we denote by £ v d the space of super derivations of degree (p, d) over A. 
Here a super derivation of degree (p, d) over A is a continuous linear map A : A — > A 
satisfying A(A d ,) C .A^,^, an d 

A(/ ■ g) = A(f) ■ g + (-iy k f ■ A(g), where / G A k . 

We also denote 

s d = jj s p ' d , £ p =yi £ p,d > $ = n n £ p ,d - 



Then we define a map 

D : P -)• P i-+ Dp, 

where 

s>0 ^ 1 ' 

Note that for P = X G P the operator D P , when it is restricted to A, coincides with 
the one that is defined in (12. 3p . 

It is well known that the space £ has a Lie superalgebra structure w.r.t. the super 
degree, i.e. for Di G £ d \ D 2 G £ d ^, the bracket 

[D x , D 2 ] =D X D 2 - (-lj^flj D, G 

is a super Lie bracket over £. 

Theorem 2.4 ([30]) For any P eP, Q G J" 9 , we /jave 

[P,Q]=JD P (Q); 
ii) D [PjQ] = (-iy-i[D P ,D Q }. 

Remark 2.5 If we regard P G P as a Hamiltonian, then Dp is the corresponding 
Hamiltonian vector field, and the identity ii) of the above theorem is just the analog of 
the homomorphism from the Poisson algebra of a symplectic manifold to the Lie algebra 
of its Hamiltonian vector fields. 
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3 Hamiltonian structures and their cohomologies 



Now we are ready to formulate the infinite dimensional version of Poisson structures 
which we will also call them Hamiltonian structures. 

Definition 3.1 A bivector P G J 72 is called a Poisson bivector or a Hamiltonian struc- 
ture if [P, P] = 0. We say that an evolutionary vector field X G E has a Hamiltonian 
structure if there exists a Poisson bivector P G F 2 and a local functional F G F such 
thatX = -[P,F]. 

For a given Poisson bivector P, we define the associated Poisson bracket as follows: 
{, } P :FxF^F, (F,G)^{F,G} P , 
where {F, G}p = —[F, [P, G]]. In particular, if P is given by 

p = I / pynjr 



2 



s 



where P l J are normalized to satisfies the antisymmetric condition 

P^d s = (-iy +1 d s Pi\ (3.1) 

then 



Example 3.2 Suppose P G Jq, then P must take the following form 

P =\J P ij { u ) d i d i with P ij = -P ji , 
so it actually corresponds to the following bivector on M : 



2 du % dui 

It's easy to see that the bracket [P,P] (see (I2.6p ) coincides with [P,P] (see (12. ip ). so 
P is a Poisson bivector if and only if P is a Poisson bivector on M. 

Example 3.3 ([13]) Suppose P G T\, then P can be represented as 

P = \j (g^mej + r^u^e^) 

which satisfies the normalization condition (I3.ip . We also assume that the matrix (g^) 
is nondegenerate, then P is a Hamiltonian structure if and only if 



12 



i) 9 = (dij) = (9^) 1 is a flat metric on M; 
ii) T\ k = —gtiTfr is the Levi-Civita connection of g. 

Hamiltonian structures of this form are called of hydrodynamic type. 

By using Theorem 12.31 and the definition of Hamiltonian structures, one can easily 
prove the following lemma. 

Lemma 3.4 Let P £ T 2 be a Hamiltonian structure, dp be its adjoint action, i.e. 

d P (Q) = [P,Q], VQef. 

Then we have 

d 2 p = 0, D p — 0. 

Thus given a Hamiltonian structure P £ T 2 we have two complexes (A, Dp) and 
(J 7 , dp). Let R be the subalgebra of A consists of constant functions on J°°(M), then 
one can show that R is the kernel of d : A — > A. Note that R is contained in Dp's 
kernel, so we can define another complex (A/R, Dp). 



Lemma 3.5 The following sequence of complexes is exact 

— + (i/R, Dp) A (A, Dp) -^U (J*, dp) — * 0, 
hence we have a long exact sequence of cohomologies, 

► H P {A/R) — * H P {A) — * H P (P) — * H P+1 {A/R) —>•••-. (3.2) 

Now we assume that P is a Hamiltonian structure of hydrodynamic type, so P £ T\ 
and Dp £ E\. Then the homologies of the above three complexes become direct sums 
of their homogeneous components, and the long exact sequence (I3.2p can be written as 
long exact sequences of homogeneous components: 

► HIM/R) H P (A) H P+1 (A/R) ■ • ■ . (3.3) 

Note that R C *4{j, so we have 

„,,!,„„)_/ HJ(A-Dp), M * (0,0); 
HAA/R ' Dp) -\HS(A,D P )/R, (p,<0 = (0,0). 

Lemma 3.6 (| |30| ) Lei P £ ^ 6e a Hamiltonian structure of hydrodynamic type, 
then we have 
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From the long exact sequence (I3.3P and the above lemma we have the following 
theorem [30] : 

Theorem 3.7 Let P £ T\ be a Hamiltonian structure of hydrodynamic type, then we 
have 

H p >0 (F,d P ) = 0. (3.5) 

This theorem is first proved in [20J, and it is also proved in [H] for the p — 1, 2 
cases. Recently, De Sole and Kac [61 [7] prove some theorems on cohomologies of 
Poisson vertex algebra, which also imply the above theorem. In particular, the fact 
that H^^J 7 , dp) = implies that any deformation of P can be eliminated by a Miura 
type transformation. 



4 Bihamiltonian structures and their cohomologies 

In this section we give the definition of bihamiltonian cohomologies and show its main 
properties. 

Definition 4.1 Let Px,P2 £ j 1 be two Poisson bivectors, if [Pi,P 2 ] = 0, then we call 
the pair (Pi,P 2 ) a bihamiltonian structure. 

Let (P\,P 2 ) be a bihamiltonian structure, and denote 

Di = D Pl , D 2 = Dp 2 , d x = d Pl , d 2 = dp 2 . 

Then we have 

D X D 2 + D 2 D 1 = 0, d x d 2 + d 2 d x = 0, 
so we obtain two double complexes (A, Di, D 2 ) and (P,di,d 2 ). 

Definition 4.2 Let (C,di,d 2 ) be the double complex (A, D±, D 2 ) or (J 7 , dx, d 2 ), its bi- 
hamiltonian cohomology is defined as 

BH d {C^d 2 ) - ^ nIm(9i92) • (4-1) 
We often denote it by BH%(C) for short. 

Remark 4.3 Due to Lemma \3. 61 and Theorem\3.7\ the above definition of bihamilto- 



nian cohomologies is in agreement with the one given in (II. ip for finite dimensional 
bihamiltonian structures when d > 2. 
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Lemma 4.4 Let (0,81,82) be the double complex (A, Dx, D 2 ) or (J 7 , d\, d 2 ). Define 

C A = C®R[A], d x = d 2 -Xd 1 , 

then (C\,8\) is a complex. Moreover, if Px is a Hamiltonian structure of hydrodynamic 
type, then for any p G N and d>2, we have 

BH p d (C,dx,d 2 )^H p d (C x ,d x ). (4.2) 

Proof We embed C into C x in the natural way. It's easy to see that if z G C d fl 
Ker<9i fl Ker92, then z G (C A )d H Ker<9 A , so there is an embedding 

j:C%n Ker d 1 n Ker d 2 -»■ (C A )2 n Ker d x . 

We are to show that this embedding induces the isomorphism (14. 2p . 
Let 7r be the projection 

tt: (C A )2nKer9 A ->^(C A ,9 A ), 

we first show that the composition tt j is surjective. Let x G (C A )^ D Ker<9 A , we need 
to prove that there exists y G (C x ) d Z\ such that x — d x y G Imj. Suppose 2 takes the 
following form 

x = xq + x\ A + • • • + x m \ m , where Xk G C d , 
the condition d x x = implies that 

= d 2 x Q , d 1 x = d 2 x 1 , ■■■ , di x m _i = d 2 x m , dx x m = 0. (4.3) 

Since H d (C, d\) = 0, we know that there exists y m -i G C d Z\ such that 

then we have dx x m -x = dx d 2 y m -i, so there exists y m - 2 G C d Z\ such that 

Xm-i = d 2 y m _i - dx y m - 2 . 
By induction, one can show the existence of yu-x G C d Z\ such that 

Xk = d 2 y k - dxyk-i, k = 1, . . . ,m - 1. (4.4) 

Now let 

3/ = y + yx A + • • ■ + y m -i A" 1-1 G (C A )j£, 
then from (Q]l . fO]) it follows that 

x - d x y = x - d 2 y e Imj. 

The surjectivity is proved. 
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Next we need to show that Ker(7r j) = C d D Im(<9i d 2 ). If z = d\ d 2 w, then 

z = dx(—diw), 

so C d fl Im((9i c^) C Ker(7rj). Conversely, suppose z G D Ker <9i fl Kerc?2 is exact 
in H%(C\,d\), i.e. there exists y G (C7\)^Zx such that z = d\y. By using the fact 
that H d Zl(C, d\) = and a similar argument as we used above in the proof of the the 
surjectivity of nj, it can be shown that we can choose this y such that it belongs to 
C . Then we have 

z = d 2 y, = d 1 y. 

Since H d Zl(C, d\) = 0, there exists w G C d Z 2 such that y = —d\ w. From this it follows 
that z = di d 2 w, so we have Ker(7r j) C lm(di d 2 ). 

Finally, 

uPfn a\ t ( -\~ C d nKer ^i nKer<9 2 „„ p ,„ _ „ . 

H p d {C x ,d x ) = Im(7rj) = -s = BH^(C,d 1 ,d 2 ). 

Ker(7r j ) 

The lemma is proved. □ 

Remark 4.5 v4 similar description of BH P '(C,di,d 2 ) was given in JE/, in which the 
role of the complex (C\, d\) is replaced by a bicomplex C'°. 

Corollary 4.6 If Pi is a Hamiltonian structure of hydrodynamic type, then for any 
pGN and d > 2 there exists a long exact sequence: 

► BHIM) — ► BH*{A) -> BH*{T) — ► BflfV) (4.5) 

Proof Denote 

A X = A®R[\], D X = D 2 -XD 1 , 
J r x = J r ®R[\], d x = d 2 -\d h 

then we have a short exact sequence 

— > (Ax/nX],D x ) A (Ax,D x ) -U (7" A ,d A ) — )• 0. 
This short exact sequence implies a long exact sequence 

► flS.iC^/RlA]) -> H p d (A x ) i^(A) -> ^ +i a A /M[A]) 



which is isomorphic to (14. 5p . according to Lemma [4.41 □ 



For a semisimple bihamiltonian structure (Pi, P 2 ) of hydrodynamic type, it is proved 
in [27J [12] that the second bihamiltonian cohomologies has the following property: 

BH 2 d (P) = 0, if d > 2 and d ^ 3, 
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and 

BHl{P) = 0C°°(M). 

i=i 

This knowledge of the second bihamiltonian cohomologies enables us to classify the 
infinitesimal deformations of (Pi,P2). In order to study the existence of a genuine 
deformation of {P\,P2) with a given infinitesimal one, we need to compute the third 
cohomologies BH> & (JF) and to show its triviality. 

The computation carried out in [27J H2] to prove the above result on the second 
bihamiltonian cohomologies is quite involved. This is mainly due to the fact that the 
definition of the differentials rf 1; (i 2 on J 7 are complicated, so it is difficult to perform 
similar computations to study the third bihamiltonian cohomologies. Fortunately, the 
long exact sequence f 14 . 5 [) given in Corollary 14.61 helps us to overcome this difficulty 
From this long exact sequence it follows that the triviality of BH^ >6 (J-') can be proved 
by showing that BH%> 6 (A) = and BHj^{A) = 0. Note that the definition of the 
differentials D\, D% on A are much more simple than that of the differentials d%, d,2 on 
J 7 , so it is easier to compute the bihamiltonian cohomologies BH^(A) than to compute 
BH p d {P). 

In the following section, we illustrate the above mentioned method of computing 
bihamiltonian cohomologies by proving Theorem 11.11 and Theorem 11.21 for the bihamil- 
tonian structure ( II. 6p . ( II. 7p of the dispersionless KdV hierarchy. 



5 The third bihamiltonian cohomology for (11.61 ). (11.71 ) 



The following subsections are devoted to prove Theorem 11.11 and Theorem 11.21 
5.1 Some preparations 

For the bihamiltonian structure of the dispersionless KdV hierarchy we have M = R, 
so we can omit the index % in the notations such as u l,s , Of. The bihamiltonian structure 
( II. 6p . (II. 7p can be represented by the bivectors 

Pi=\j 90 1 , P * = \f uQQ ^ ( 5 - X ) 

so we have 

s>0 



The following identities are useful and easy to prove, so we list them here and omit the 
proof. 



17 



Lemma 5.1 




Suppose Q G A p d (d > 2) satisfies 

D X Q = 0, D 2 Q = 0, 
to prove the triviality of BH d (A), we need to find X G sucn ^ na ^ 

g = l^x 

According to Lemma [223, there exists F G sucn ^ na ^ 

Q = D 1 F, D X D 2 F = 0. 

So in order to prove Theorem 11.11 we need to do the following: 

For any given (p, d) = (3, > 6) or (4, > 6) and F e A p d Z\ satisfying D 1 D 2 F = 0, to 
find X G A p d Z 2 2 such that D X F = D X D 2 X. 

Our proof is in the spirit of spectral sequence, especially the one of filtered complex. 
We first introduce a filtration on A 

c i (0) c A {1) c i (2) c.-ci, 
where A^ is the differential polynomial algebra on J k (M). Suppose 

Q G Ker D x n Ker D 2 n A P d {N+1 \ 
if we can find X G '^ Ar_1 ' ) such that 

Q = Q- D X D 2 X G i£ (JV) , 

then Q gives a new representative of the cohomology class of Q, which depends on less 
variables. By induction on N, we will show that one can choose a representative Q 
with smallest N (in the BH 3 case, the smallest N is 1, while in the BH 4 case it is 2). 
For this Q, the equations DiQ = and D 2 Q = are easy to solve, and in this way one 
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is able to compute the bihamiltonian cohomologies. So the most important step in our 
computation of the bihamiltonian cohomologies is the following: 

For any given (p, d) = (3, > 6) or (4, > 6) and F G A p d _\ {N) satisfying D X D 2 F = 0, 

to find X G A p d Zi {N ~ 1} such that D X F - D X D 2 X G A p d (N) . 

In this subsection, we prove some general results first. They will be used in the 
next two subsections. 

Lemma 5.2 If F G A {N) with N > 1 satisfies 

dF 

then there exists X G A^^ such that F - D X X G A^'^ . 



Proof First we write F as 

F = 9 F N + F , 
where F^, F G A^ N ^^. Then one can check that 

X = d~ N _ x FN 

fulfills the condition F - D X X G A {N ~ l) . Here the notation d^A(t) means 

d^A(t)= [ A(r)dr. 
Jo 

Note that Fn is always a formal power series of e whose coefficients are smooth function 
or polynomials of u N ~ l , so the operator <9~i„i is well defined. □ 

Lemma 5.3 If F G A^ with N > 1 satisfies 

D 1 D 2 F G A {N+1 \ 

then there exists X G A^ N ~^ such that F = F — D\X has the form F = 9 A + B, where 
A G A N \ b g iM. 

Proof By using the condition F G A~ N \ one can obtain that 

3 <9 1 BF 

(DiD 2 F) = 0, —-(D 1 D i F<) = -e ' 



A' ' 



du N+2 V ^ * > ' QQN+2 V ^ ' t 2 8U 

We write F as F — 9 A + B\, where B\ is independent of 9, then the above results and 
the condition D 1 D 2 F G A {N+1) imply that 

du N 

According to Lemma [5721 there exists X G A^" 1 " 1 such that B = B\ — D\X G J^ N ~ X \ 
The lemma is proved. □ 
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Lemma 5.4 Let R be an R-algebra, g G R{x\, . . . ,xi], then for any a , . . . , an G M>o, 
the equation 

aof + aixi- 1 \-a e x e —=g (5.2) 

OXi OXi 

has a unique solution f G R[x\, . . . , xt] . 

Proof We prove the existence first. Every element of R[x\, . . . ,xi] can be written 
as finite sum of monomials, so we only need to prove the case that g is a monomial. 
Suppose 

mi nip 

g — r x 1 x ■ • -x e , 

where r G R, m\, . . . , m^ G N, then the equation (I5.2p has a solution 

j = T _ x m i . . . x m t 

a + mi ai + ■ • • + m t ifl| 1 1 

Here we have used the condition that a^ > to ensure that the denominator does not 
vanish. 

To prove the uniqueness, we only need to show that the homogeneous equation of 
(15. 2p has only zero solution. Suppose / G R[xi, . . . , xi] is a nonzero solution to (15.21) 
with g = 0, then we can write / as 



mi,...,m£>0 



1 mi,...,mf v l 



Let K be the smallest non-negative integer such that mi + • • • + > K implies 
r mi m< = 0, then we know that there exist mi, . . . , me such that 

mi H h m e = K, r miv .. >mf ^ 0. 

We denote m = (mi, . . . , m^), and 



mi 
t ' 



then compute the action of d— on the equation (15.21) . According to the choice of m, 
we obtain that 

(oq + +mi ai H h mi ai)r mi ,..., mi ^(x— ) = 0. 

This is impossible, since every term on the left hand side does not vanish, so the lemma 
is proved. □ 



Lemma 5.5 Suppose F = 9 A + B G A^ with N > 1, wh 



ere 



0A d", 14 = 0, B6iM. 



then there exists X, Y G ^^-^ snc/i mat F - D 2 X + D x y G A^-^ . 
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Proof The proof is similar to the one for Lemma 15. 2[ so we only present 

OA \ . /I dX dX 



X = d~L, 2—, , Y = -d~Li 



— u 



du N J ' * ~ U "~ L \2" d6 N - 1 du N 1 ' ' 

and omit the details. □ 

Now we give the proof of triviality of BH 2 (A) to illustrate the usage of these 
lemmas. 

Theorem 5.6 For the second bihamiltonian cohomologies we have 

0, d = 0, 

BHj(A) = { {a{u)66'}, d = 1, 
0, d>2. 

Proof In the d = or 1 case, since there is no d — 2 degree component in A, so 
BH%(A) is just KerDi D Ker D 2 fl A% which is easy to compute. So we only give the 
proof for the d > 2 cases. 



Suppose F G A^ satisfies D\D 2 F = 0. Due to Lemma 15731 we can assume that 
F has the following form: 

F = a6 + b 

where a G A '^ = A^ N \ b G A 1 '^ -1 ^. A simple calculation shows that 

d 2 ,„ , / 1\ ,„ d 2 a 



du N du N ' 

so from the vanishing of D1D2F it follows that a must take the form 

a = a (u, . . . , u N ~ l )u N + a\ («,... , u^ -1 ), 



thus F satisfies the conditions of Lemma 15.51 By using this lemma, we can find 
X, Y G such that F = F — D 2 X + D X Y G A l ^ N ~ l \ 

By induction on N, we can reduce F to an element of the space A 1 '^. But A 1 '^ = 
Aq, so Q = D]_F G A\ cannot be an element of A 2 d>2 unless it vanishes. The theorem 
is proved. □ 

5.2 The bihamiltonian cohomology BH 3 (A) 

We are to prove the following theorem in this subsection. 

Theorem 5.7 The bihamiltonian cohomology BH^(A) is given by 

0, (2=0,1,2 
BH' 6 d {A) = { {a{u)90 1 d 2 }, d = 3, 
0, d > 4. 
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Proof For any given Q e KerDi R Ker/^ H A 3 '^ N+1 \ N > 1, we need to prove the 
existence of X 6 .A 1 such that Q — D1D2X has the expression a(u)88 1 8 2 . To this end, 
let us first find F E A 2 ' {N) such that Q = L>iF, then F satisfies D 1 D 2 F = 0. We are to 
show that, by modifying F in the way F 1— )■ F — + -Di^ with certain X, K e A 1 , 
we can reduce F to an element of the space A 2 ^ 1 '. 

Denote Z = DiD 2 F, then by using the fact that Z = and the result of Lemma 
15.31 we can reduce F to the form 

N 

F = ^A S 66 S + B, (5.3) 

where A s e A^ N \ B e A 2 '^^. 

Let us assume N > 2 and denote the coefficients of 66 N ~ S 6 N 6 N+1 in Z by 

d 4 Z 

Zs= #W^i' s = l,2,...,iV-l, (5.4) 
then by using Lemma 15.11 one can easily obtain that 

n 2 2 a 2 ^ x 

^1 = "rr u o (mod w J. 



2 &u N du N 



Since Z = 0, we arrive at 



, d 2 A 

u 



N 



du N du N ' 

By using this fact, one can further obtain that 

(iV-1) 2 2 d 2 A N 



° = Z ^ —^ U * du"-W (m ° d U " 



so we have 



u 1 



d 2 A 



N 



du N ~ l du N 



By induction on s, one can prove that 



u 1 



d 2 A 



N 



Q u N-s+lQ u N 



N -2. 



When s = N — 1, we have 

dw 2 ^ v 1 du N 



= ^-1 - 2« 2 + (iV - (mod 



Denote / = fjf, then 



2m 2 — ^ + (JV - 1)/ = (mod w 1 ) 
aw"' 
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By using Lemma 15.31 and the above equation we know that 

dA N 



du N ' 

so the differential polynomial An can be put into the form 

A N = u x a + 6, with a G A [N \ b G ^ (JV " 1) . 

Then Lemma 15.21 enables us to modify the term b 9 9 N of F by adding certain D\X G 
i 2 ''^ such that the resulting bivector belongs to A 2 '^ -1 ', and we can combine it into 
the term B in the expression (15. 3p of F, so we can assume that 

An = w 1 a. 

Let us choose 

X = -(N+ (a) 9, Y = uX, 

then it is easy to see that after the modification F i-> F — I?2^ + -Di^ we can reduce 
F to the form (15. 3p with An = and S G .A 2 '^ -1 ). Now the functions Z s defined in 
( 15. 4 p have the expression 

(N - l) 2 i d 2 ^, 
2 ounuun 

N-l 

so the vector A = A s (m, -u 1 , . . . , u N )9 s satisfies the condition 

s=l 

du N ' 00" ' 

and it follows from Lemma [5.51 that we can find X,Y e A^ N ~ 1] such that 

F — D 2 X + DiY G A UN ~ 1] . 

By induction on N, we can prove the existence of X, Y G A 1 such that F — D 2 X — 
D{Y G A 2 '^ l \ so we can reduce F to the form 



F = Ai(u,u 

Then the trivector D\F has the expression D 1 F = dAl ^ 1) 99 1 9 2 . Denote dAl ^f ] = 
ti 1 6(M,-u 1 ) + a(u), and define X = — \d~ 2 (b(u,u 1 )) 6, then we have 

Q ~ D X F - D 1 D 2 X = a(u)99 1 9 2 . 

Thus we proved the theorem. □ 
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A A 

5.3 The bihamiltonian cohomology BH (A) 



In this subsection, we continue to compute the bihamiltonian cohomology BH A (A). 

Theorem 5.8 The bihamiltonian cohomology BH A (A) is trivial. 

Proof Given Q G Ker D x fl Ker D 2 H A 4 ^ N+1 \ N > 2, we need to prove the existence 
of X G A 2 such that Q = D X D 2 X. As we did in the computation of the bihamiltonian 
cohomology BH 3 (A), we can find F G A 3 '( N ^ such that Q = D 1 F, and F satisfies 
D X D 2 F = 0. Let us prove the theorem in three steps. In the first step, we prove that 
when N > 4 we can reduce F G A?^ N \ by modifying it in the way F H- F—D 2 X + D{Y 
with certain X, Y G A 2 , to an element of the space A 3 '^. In the second step, we prove 
that an element F of A 3 '^ satisfying DiD 2 F = can be reduced to an element of the 
space F G A 3 '^. In the last step, we prove that for any element F of A 3 '^ satisfying 
D\D 2 F = 0, one can always represent D\F as D X D 2 X for a certain X G A 2 . 

Step 1: For the case when N > 4. 



Denote Z = D X D 2 F, then by using Lemma [5.31 and Z = we know that F can be 
assumed to have the form 

f= A M ee p e q + B, (5.5) 

l<P<9<A r 



where A M G A {N \ B G A 3 ^-^ . We define 

cftZ 

Z °= QQN+lQQNQQN-sQQi * = 1,2, . . . , N - 1, (5.6) 

then by using Lemma 15.11 and induction on p we have 

dZ 1 _ ( p+ l)( p + 2)(2p + 3) 3 d 2 A N . hA 1 2 

^7 = 12 ( modM ' M )' 2< P <iV-2, 



■ M - - » + — o ^TaT" (modu,u). 



dtf 1 2 dw 3 *^ 2 dw^ 

So we have 9A q~n ,n = (mod u l , u 2 ). A similar argument as we gave in the proof of 
Theorem 15.71 shows that An-i,n can be assumed to have the form 

A N - 1>N = u 1 B 1 + u 2 B 2 , B x , B 2 G A {N) . 
Now we assume X, Y G A 2 have the form 

x = Xo ee N + x 1 ee N - 1 , y = u x, x , x x g a {n \ 

and we consider the following modification of F 

F = F- D 2 X + D X Y. 
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Then F G A 3 ' (N) and the coefficient of 66 N ~ 1 6 N in F has the expression 
d 3 F 

dede N - 1 de N 

l (2N + ldx l 2N-1 dx \ 2 fN 2 dx 

= U {-^d^~ 2 du»-i- Bl )- U VYd^ + B2 

From the above formula it follows the existence of differential polynomials Xq,x± such 
that aed QN-\ ad N = and we have reduced F to the form f)5.5p with Ajv-i,jv = 0. 

We are to prove by induction that F can actually be reduced to the form (15.51) with 
A p ,n = 0, p — 1,2, . . . , N — 1. Assume that F has been reduced to the form 

F= A Piq 60 p 9 q + A p ,n00 p N + B (5.7) 

l<p<q<N-l l<p<m 

with A Pjq G A^ and B G A Z ^ N ~ 1 ' for a certain 1 < m < N — 2. Then the vectors Z s 
defined in (15.61) have the following properties (which can be proved by induction on s) 



dZ s _ (N — s + l) 2 2 d 2 A 



-u 



p,N 



(mod u 1 ) 



qqp 2 du N ~ s+l du N 

s — 1 . . . , N — m — 1, p — 1, . . . , m. 



These relations imply that 

d 2 A 



p,N 



N — m — 1, p — 1, . . . ,m, (5.8) 



du N-s+lQ u N 

from which it follows that (here an induction on p is needed) 
dZ N . m _ (p+l)(p + 2)(2p + 3) 3 d 2 ^ x 2 

dZ N _ m _ 5 3 (9 2 A mjA r 2iV + m - 3 dA m , N 



H ^ ' (mod u , u ) 



86 1 2 du 3 du N 2 du N 

The last equation together with Lemma 15.41 imply that 



dA mN 



(mod u , u 2 ). 



du N 

So we can represent the differential polynomial A m ^ in the form 

A m)N = u 1 B 1 (u, u 1 ,..., u N ) + u 2 B 2 {u, u 2 , . . . , u N ), (5.9) 

after eliminating a remainder term that does not depend on u N by using Lemma 15.21 
Note that the differential polynomial B 2 is chosen to be independent of u 1 . By using 
( 15. 8 p with p = m we know that 

d 2 B? d 2 B, , 

0. (5.10) 



Q u m+2Q U N 8u N du N 

25 



Now let us try to find X, Y e A 2 of the form 

x = Xo ee N + Xl ee m + x 2 ee m+1 , x , x u x 2 e A (N \ 

2V-1 

y =uX-Y,VkOe\ ykeA^-v, 

k=m 

such that the following modification of F 

F = F-D 2 X + D 1 Y (5.11) 

leads a reduction of F to the form ( 15. 7p with A m ^ = 0. 
By a direct calculation we obtain 

d 3 F n _p+ 1 / / _j_ g _ -j\ 5x 



E 



d6 N d6Pd6 ^ V V s ) 2\ s-\ i ) 8up+ s - 1 du"- 1 

s=l v v 7 v 77 

-<W + ^ + 1<P<^-1> (5-12) 

<9 3 F _ ^^Z!^ 1 / / m + s _ i\ l/m + s — 1\\ s q Xq 

de N ae m de = Vv * / 2\ s-i )) u lki™+^ 

2 /(m + l) 2 <9x \ 9y m 

+ " { 2 ft^ + 52 J - (5 ' 13) 

We first proceed to fix the differential polynomials x s = x s (u, it 1 , . . . , u N ), s — 0, 1 
and y TO . In order to do so, we consider the cases m > 2 and m = 1 separately. 

i) The m > 2 case. In this case we can find a solution x of the equation 

(m + l) 2 <9x 

2 du m+1 ~ ~ 2 

so that it also satisfies the following additional requirements 

d 2 x d 2 x 



Q u m+2 du N - ~ Q U NQ U N 



0. (5.14) 



This can be achieved due to the properties of E> 2 given in (I5.10p . With such a choice 
of the function xq, the first term that appears in the r.h.s. of (15.131) does not depend 
on u N , so this term can be canceled by the last term — ^jT-i with an appropriately 
chosen y m E A^^. Now we can fix x\ by the equation 

2iV + l dxi _ 2m + 1 dx , D 

~2~ d^~^2~ d^ + Bl - (5 - 15) 
Thus the above choice of x , X\ and y m enables us to reduce the r.h.s. of (15. 13j) to zero. 
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ii) The m — 1 case. In this case the r.h.s. of (I5.13p has the expression 



i s\ s dx 2 x ( 2N + ldx l \ dyi 

1 + ~ I u — \-u B 2 + u [B 1 1 



2/ du s V 2 du N J du N - v 

s=l x ' 

By using Lemma 15.41 and the condition (I5.10p we can find a unique solution x 
xq(u, u 2 , . . . , u n ) satisfying the equation 



and the condition (I5.14p . We then fix the function x\ by the equation 

„ 2N + ld Xl 
Bl -—2—d^=°- 

After setting ?/! = we thus reduce the r.h.s. of (15.1 3p to zero. 

Now let us continue to fix the differential polynomials x 2 and y p , p = m+1, . . . , N—l 
by the requirement that the r.h.s. of (I5.12p vanish. To this end we first fix x 2 by the 
equation 

We then choose the functions y p G ^l^ -1 ^ in order to cancel the rest terms in the r.h.s. 
of (15.121) . This can be done since x satisfies the condition (I5.14p . 

Thus we have shown that by appropriately choosing the functions xo,xi,x 2 and 
y p 's we can reduce F to the form (15.71) with vanishing coefficient A m;N . So we finished 
the induction procedure in order to prove that the originally given F can be reduce to 
the form <^E) with A P<N = 0, p = 1, 2, . . . , N - 1. 

Up to this moment, we have proved the existence of X, Y G A 2 such that after the 
modification F h-> F — D 2 X + D{Y the trivector F can be reduced to the following 
form 

F= A m 69 p 9 q + B, (5.17) 

l<p<q<N-l 

with A PtQ G A^ N \ B G A 3 '^^. Now let us consider the vectors Z s defined in (15.61) 
again. With the above form of F we have the following identities: 

dZ s / 1\ l d 2 A Pi N_ s 



=^=r + 2j M *^- ^<P<Ns-l,l< S <N-2. 

From these identities we know that ^4 P , g 's depend linearly on u . So by using Lemma 
1531 we can find X, Y G A 2 such that F - D 2 X + D X Y G A 3 '^^. 

By induction on N, we thus proved that F can indeed be reduced to an element 
of the space ^4 3 '( 3 ^ by modifying it in the way F t— ?• F — D 2 X + D{Y with certain 
X, Y G A 2 . 
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Step 2: For the case when N = 3. 

In this case, one can also use the above procedure to eliminate the term 66 N ~ l 6 N 
of the trivector F, so we assume that 



f = a^q&q 2 + A h3 ee 1 e 3 + b 

with Al )2 ,Al ( 3 G B G A 3 '^. The vanishing of D X D 2 F is equivalent to the 

condition 

, d 2 A 12 , «9 2 A 13 . d 2 A 13 

7u a sa s ~ 9u a sa s ~ 5u a 2a q = °» ( 5 - 18 ) 
OU 6 OU 6 OU'^OU 6 ou^ou 6 



which implies that 

d 2 A 13 
du 3 du 3 ' 



u 1 



so y4 13 has the following form 

A 1 , 3 = u 1 (u 3 ) 2 b 1 +u 3 b 2 + b 3 , 6!G^ (3) , b 2 ,b 3 eA^ 2 \ (5.19) 
We proceed to reduce F by using the bivector X,Y e A 2 of the form 

x = Xl ee l + x 2 ee 2 + x 3 00 3 , y = ux - yi ee l - y 2 ^ 2 , 

where x 1} x 2} x 3 G , 2/1,2/2 ^ *4 (2) - The coefficients of 6 ) 6 >1 6 |3 and 00 2 3 in F - D 2 X + 
DiY are given by 

d /i 7 i^i 1 . 5 3 dx 3 2 dx 3 3 x 9a;3 92/1 , , 

Rl = Al ' 3 - 2 M ft^ - 2 X3 + 2 U ft? + 2U ft? + 2 U ~ ft?' (5 ' 20) 

9 2 <9x 3 5 ^Xg 7 1( 9X2 #2/2 , 

i?2 = 2 U ^ + 2 M ^-2^-^ (5 - 21) 
respectively. Let c G A™ be the unique solution of the equation 

uc 

b 2 + 2c + 2u 2 — = 0, 

then one can verify that 

5„ n f dx 3 \ 2 n 1 / , , x9 3 ftc f 



x 3 = cm 3 , x 2 



9 

2/2 = (cu 2 ) , y 1 = dr£bz 

satisfy the equation R\ = R 2 = 0, so the term in F with Ai i3 is eliminated. 

Next, we use the condition D X D 2 F = to derive the linear dependence of Ai i2 on 
u N = u 3 , then by using Lemma I5.5I we can reduce F to an element of the space A 3 ^ 2 \ 

Step 3: For the case when N = 2. 
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In this case F must take the following form 

F = A99 1 9 2 , AeA (2) . 
It is easy to see that this F satisfies D\D 2 F = automaticly. We are to find 

X = xi 99 1 + x 2 99 2 , xx,x 2 € 

such that 

=D X F - DiD 2 X 



dA dx 2 5 i d 2 xi „ 2 d 2 x 2 3 ■, d 2 x 2 

— -\- — u — zu — — u 

du 2 du 2 2 du 2 du 2 du 2 du 2 2 du l du 2 



We rewrite A as 

A = bo(u, u 2 ) + ■u 1 6i(m, u , u 2 ), 

and take 

2 

Xi = ~d~ 2 h, x 2 = h(u,u 2 ), 

then we obtain the following equation for the function h: 

db dh 9 d 2 h 
+ 2u 2 



du 2 du 2 du 2 du 2 ' 
which has a solution due to Lemma [5.41 

We thus proved the theorem. □ 



5.4 Proof of Theorem 11.11 and Theorem 11.2 



With the results of Theorem 15.71 and Theorem 15. 8[ the proof of Theorem 11.11 follows 
directly from the long exact sequence (14. 5 j) . For the proof of Theorem ll.2[ we note 
that the bivectors correspond to the bihamiltonian structure (II .6p . (I1.7P are given by 

P? = \fe9\ P 2 W= l -fu99\ 

pW = 3 c(m) ^ 3 + 9 c ^ u y dd 2 + 3 (c"( u )( u i)2 + (J( u ) u *) ee\ 

In order to prove the existence of bihamiltonian structures of the form ( 11.6)1 . (II. 7p . we 
need to find P 2 ^ G P 2g+ i-, g > 2 such that 

[Pf 1 , Pj 0] + e 2 P' 1] + ]T e 2s Pi 9] ] = 0, (5.22) 

[pM + e 2pW + e 29 P\ 9 \ P 2 [0] + e 2 P 2 [1] + t 29p 2 ] ) = 0- (5.23) 
<?>i s>i 
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Let us first consider the existence of P] 2 ' £ ft§ , it should be given by a solution of 
the equations 

[p[°\p?] = o, [P?,P?] = Q, 

where Q = -[P 2 [1] , Pj 11 ]. Since [Pf 1 , P 2 [1] ] = [Pj 01 ,^ 1 ]) = 0, by using the graded Jacobi 
identity given in Theorem 12.31 we know that Q e j-g fl Kerrfi n Kerc?2- So from the 
triviality of the bihamiltonian cohomology BH^F ,di,d 2 ) for d > 4 it follows the 
existence of X 6 sucn that Q = d\d 2 X. Thus we obtained the needed bivector P^ 2 ' 
which is defined by P 2 = —d\X. 

By using induction, we can also prove the existence of pj s ' for g > 3 in a similar 
way as we did for the g = 2 case above, see [27J [1] for details. Thus we proved the 
theorem. 



6 Some examples 

In this section, we give some concrete examples of bihamiltonian structures of the 
form ( II. 9p . (ll.lOp . We will now denote the ^-derivatives of the function u = u(x) by 
u x ,u xx ,u^ and so on, and, unlike in the previous sections, we denote by u m the m-th 
power of u. 

The existence of bihamiltonian structures of the form ( II. 9p . (ll.lOp was first conjec- 
tured by Lorenzoni in [3TJ, he wrote down its approximation up to e 4 , which are given 
by the following expressions: 

45 

A 2fi = 9c{u)c'(u), A 2>1 = — [c\uf + c{u)c"{u)] u x , 

A 2>2 = 27 [c\uf + c{u)c"(u)] u xx + 18 [3c'(u)c"(u) + c(u)c {3) (u)] u 2 x , 
A 2>3 = 18 [c\uf + c{u)c"(u)] u {3) + 27 [3c'(u)c"(u) + c(u)c (3) (u)] u x u xx 

+ ^ [3c" (u) 2 + 4c'( M )c (3) («) + c(u)c {A \u)] ul 
A 2A = | [c\uf + c(u)c"(u)] u iA) + 9 [3c'(u)c"(u) + c(u)c {3 \u)] u x u {3) 
+ l[3c\u)c"(u) + c(u)c^(u)] u 2 xx 

+ ^3 C "H 2 + 4 C '( M )c(3)(,) + c ( M)c ( 4 )( M )]^. 

In a subsequent paper [T], Arsie and Lorenzoni extend the approximation up to e 8 . 
For any given smooth function g(u) define the function / by 

/(«) = d- 2 (ug"(u) + \g\u) 
Then we have the following bihamiltonian equation 

— = {u(x),H f } l = {u(x),H g } 2 . (6.1) 
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Here the Hamiltonians are given by 

H f = J [/(«) - e 2 c(u)f^(u)u 2 x + e 4 (A lU 2 xx + A 2 u 4 x )] dx + 0(e 6 ) (6.2) 

with 

A 1 = 3c(u)c'(u)f^(u) + Uu) 2 f^(u), 

5 



A, 



\d{uf + c{uy\u) 



fW-c{uy{u)f^\u)- l -c{uf^\u). 

6 



The Hamiltonian H g is obtained by replace / with g in Hf. In particular, if we set 

u p+2 2u p+1 
K"> = £+^ «'"» = (2 P+ 1)( P+ 1)! - " = °. 1 "" 

then (16. ip gives the bihamiltonian deformation of the dispersionless KdV hierarchy 

m- 

When c(u) = ^ the bihamiltonian structure given in Theorem II .21 has the following 
truncated form 

{u(x),u(y)}i = 5'(x-y), (6.3) 

1 e 2 
{u(x), u(y)} 2 = u{x)5{x -y) + -u x (x)5(x - y) + ^"\ x ~ y) ( 6 -4) 

which gives the bihamiltonian structure [351 |32] for the prototypical nonlinear inte- 
grable evolutionary PDE - the KdV equation 

du _ e 2 
at 12 



and the associated KdV hierarchy. 

When c(u) = ^, the bihamiltonian structure (ll.9p . ( ll.lUp is not truncated, however 

3t* q A/Tinra + fran cfnnn a + inn f / i — !>. 1 1 — 1 1 — , , 

16 ^ xx 512 ' 



it is equivalent, under a Miura type transformation u \-t u = u — ^u xx — ^u^ + 0(e 6 ) 



to the following bihamiltonian structure: 



e 2 



{u(x),u(y)}t = 5'{x-y) - — 8"'(x-y), (6.5) 
{u(x),u(y)} 2 = u(x)8'(x -y) + -u x (x)8{x - y). (6.6) 



it gives the bihamiltonian structure of the equation 



with 



e 2 e 2 e 2 

(m - —m xx ) t = mm x - —m x m xx - —mm xxx (6.7) 



u = m — — m xx . (6.1 
8 
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In fact, if we define the Hamiltonians 

E x = j Q m 3 + |g mm 2 ^ dar, H ? = J (I m2 + Y™^) ^' 

then the equation (16. 7p can be represented as 

u t = {u(x),E 1 } 1 = {u(x),E 2 } 2 . 

This equation is equivalent to the well-known Camassa-Holm equation which, like the 
KdV equation, describes the dynamics of shallow water waves [SJ HI [T71 HH [19] . 

Although the bihamiltonian structures (11.91) . (11.101) and the associated integrable 
hierarchies are represented as infinite power series in the dispersion parameters e, we 
hope that apart from the above two well-known examples of the KdV and Camassa- 
Holm integrable hierarchies these new bihamiltonian hierarchies will find applications. 

In the rest part of this section, let us study in some details the bihamiltonian 
structure (ll.9p . (ll.lOp with central invariant c(u) being inversely proportional to u. We 
are to give evidence that it is actually related to the integrable hierarchy obtained from 
the KdV hierarchy by certain reciprocal transformation. To simplify the notations, we 
will call the family of bihamiltonian equations given by (16. ip . (16. 2 p with c{u) = ^ the 
KdV hierarchy. At the approximation up to e 2 these equations take the form 

°-g = f"{u) u x + - (2f^(u)u^ + Af^\u)u x u xx + f®(u)ul) + (6.9) 

Let us take / to be a specific smooth function p(u) (whose explicit definition will 
be given later) , and denote by r the time variable of the resulting bihamiltonian 
evolutionary equation (16. ip . Denote h{u) = p"(u), then this equation has the expression 

— = h(u) u x + — (2h\u)u^ + Ah'\u)u x u xx + h^\u)ul) + 0(e 4 ). (6.10) 

Now we perform the reciprocal transformation to the equation (16. 9 p by replacing the 
spatial variable x with the time variable r of (I6.10p . In order to do so we first obtain 
from (I6.10p the following relation: 

u T e 2 / 2u TTT h'(u) 4h"(u)u T u TT 18h'(u) 2 u T u TT 

Ux = T7 \" + 7T7 T^Tl TT^-a + 



h{u) 24 V Kuf h(u) 4 h(u) 



5 



h^{u)ul 2Ah'{uful + Uh\u)h"{u)ul * 0{fly {G u ) 



h(u) 4 h(u) 6 h{uf 

this enables us to represent the equation (16. 9 p in the form 



du e 
— = p(u) u T + 



2 



2 



, ... . 5 h'(u) p'(u) , 
p (u) u TTT + [ 2p (u) j^-j ] u T u T 



dt * 12%; 

( Ah\ufp\u) _ 5h'(u)p"(u) _ 3h"(u)p'(u) 1 A 3 

+ V M«) 2 2h(u) 2 P [u) J Ur 



+ 0(e 4 ), (6.12) 
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where p(u) = "^ff ■ In [34J it is proved that for a bihamiltonian system of hydrody- 
namic type, after a reciprocal transformation of the above form the transformed sys- 
tem preserves its bihamiltonian property. So the leading term of the above equation 
(16.121) has a bihamiltonian structure. We conjecture that for bihamiltonian equations 
with e-deformations a reciprocal transformation of the above form still preserves the 
bihamiltonian property. For our particular example of (I6.12p . we can employ an algo- 
rithm proposed in [281 ES] to obtain its bihamiltonian structure at the approximation 
up to a certain order of e. Here we did the computation at the approximation up to 
e 8 . Now let us choose the function h(u) carefully, so that the leading terms of the 
bihamiltonian structure of (I6.12p coincide, after certain change of coordinates, with 
fll.6p . (II. 7p . To this end, we take 



h(u) 



_3 

U 2 . 



Then after the change of coordinate 



w = — 



the equation (I6.12p has the following bihamiltonian structure 



with 



dw 
~dt 



(6.13) 



{w(r),w{cr)} 1 = S'(t - a) 

5 15 w'{t) 



x(3) 



5" + 



+ 



8w(t) 2 " 8w(t) 3 

27w'(t) 3 27w'(t)w"(t 



3w'{t) 2 w"{t) 



+ 



16w(r) 4 2w{rf 
§w"'{t) 



lw(r) 5 8w(tY 
{w(r),w(cr)}2 = w(t)5'(t - a) 
1 



16 w(t) 3 



S 



8' 



+ 0(e 4 



2w(t) 



5 ( 3 )_3^(4 5// + 



4w(r)' 



47 w'(t) 2 7w"(t 



+ 



189 w'(t) 



99 w'{t)w"{t) 9w 



64w(r) 4 
and the Hamiltonians 



32 w(r f 



32w(t) 3 8w(t) 2 
S 



+ 



16 w(t) 



Ho 



e 2 

r(w(r)) + -w\t) 2 
+ 0(e 4 ). 



9q'(w(r)) | 5q"(w(T)) | q 



5' 
(9(e 4 ). 

>(r)) 



16 w(t) 3 



\w(r) 2 



9r'(w(r)) 5r"(w(r)) 



16 w(t) 3 



\w{t) 2 



Uw(t) 



r"'(w(r)) 
12 w(t) 



(6.14) 



(6.15) 



dr 



dr 
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Here = 5 (fc) ( t — cr) and the function q(w),r(w) are defined by the relations 



P(w) = q"{— ), q'(w) 



r(w) 



+ w r'(w). 



w 



2 



The above bihamiltonian structure (16.141) . (16.151) is equivalent to the one given in (II. 9p . 
(11.101) with central invariant c{u) = —^bu un der the Miura type transformation 



The above calculation is actually done at the approximation up to e 8 , which gives 

us evidence to conjecture that the evolutionary equation (16.111) that is obtained from 

the KdV hierarchy by the above reciprocal transformation is equivalent, under a Miura 

type transformation, to the bihamiltonian hierarchy (I6.12p with central invariant c(u) = 
i_ 

24 it' 

A full description of the above integrable hierarchy and its bihamiltonian structure 
is still lack. The approach given in [23] may be helpful to this problem. 

7 Conclusion 

In this paper we proved the existence of deformations of the bihamiltonian structure 
(ll.6p , (ll.7p , we hope that apart from the two well-known bihamiltonian structures that 
are associated to the KdV hierarchy and the Camassa-Holm hierarchy, this class of 
deformed bihamiltonian structures also contains some new bihamiltonian structures 
which have important applications in the theory of integrable systems and in math- 
ematical physics. We will continue to study the properties and applications of these 
bihamiltonian structures in subsequent publications. It is also interesting to compute 
the bihamiltonian cohomologies BH^J 7 ) for p > 4, d > 6 which, as we expected, 
should be trivial. 

In the subsequent paper [15] , we are to consider the existence problem for a general 
semisimple bihamiltonian structure of hydrodynamic type by using our formulation of 
the infinite dimensional bihamiltonian structures and their cohomologies given in the 
present paper. 
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w = w + 



32 w 3 



(29 {w'f- 10 W) +C(e 4 ). 
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